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Abstract: How can aesthetic responses to artworks be computed? Previous authors have proposed governing
properties, including symmetry and complexity, along with equations for quantifying these properties and
combining them into an overall measure of aesthetics. But existing mathematical models have not been wellmotivated by psychological theories or well-validated by empirical testing. An alternative model is derived here,
using a novel measure of visual entropy to quantify graphic complexity and compute aesthetic optimality. This
model is tested against human judgments of complexity and aesthetics using abstract designs composed of
horizontal and vertical grid lines. The empirical results support the mathematical model of entropy and optimality,
but also highlight difficulties associated with computing aesthetics for other abstract and figurative artworks.
Implications of the data and model are discussed with regard to current and future efforts in the field of
computational aesthetics, aimed at automating the evaluation of aesthetics and generation of artworks.
Keywords: abstract art, aesthetics, entropy, experiments, probability, psychology, semantics, surprise.
AMS Subject Classifications: 62C10; 62F15; 91E10; 91E30; 94A15; 94A17

1. Introduction
Connections between mathematics and the arts can be drawn in two major directions. On the one hand,
mathematical ideas or algorithms may be used in synthesizing artworks; and on the other hand,
mathematical models or measures may be used in analyzing artworks. Sometimes the two directions are
combined, but usually the analysis and/or synthesis is limited to mathematical properties of artworks
without addressing the mathematical psychology of aesthetics.
As an example, the first sentence of the first paper of the first issue of Journal of Mathematics and the
Arts [61] states: "The creation of engaging mazes requires both mathematical and aesthetic
considerations". Although this statement acknowledges the importance of aesthetics, the article is about
mathematical algorithms for maze construction and only one paragraph considers aesthetics, as follows:
"We have also experimented with the aesthetic possibilities that arise in mazes of interconnected
vortices... [and] found that even in this very limited, abstract domain, we can still produce mazes that are
also attractive drawings".
This treatment is typical of papers published in Journal of Mathematics and the Arts, where evaluations
of aesthetics are usually authors' opinions and not supported by mathematical modeling or empirical
testing. Several exceptions appear in the special issue on Mathematical Models Used in Aesthetic
Evaluation [24], although a psychological perspective is missing from most of those papers. This absence
is important for reasons reported in the first article of Journal of Mathematics and the Arts [61], as
follows: "Both complexity and aesthetics rely not only on measurable geometric properties..., but also on
poorly understood facts about human perception and psychology".
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The present paper advances an understanding of complexity and aesthetics, through mathematical
modeling and empirical testing of psychological judgments. The approach includes: reviewing limitations
of previous efforts to compute aesthetic quality as a function of visual complexity (Section 1); deriving a
novel measure of visual entropy to quantify graphic complexity (Section 2); proposing a formal model of
aesthetic optimality as a function of visual entropy (Section 3); obtaining empirical data to test the
validity of the model (Section 4); and creating new artworks based on the model and data (Section 5).
Throughout the present paper, all designs are limited to an abstract domain of horizontal and vertical grid
lines. This provides a theoretical focus and empirical control needed for rigorous analyses and
experiments. The results of these analyses and experiments are then used to synthesize new designs in the
same genre – similar to works by well-known artists such as Piet Mondrian. In an often-quoted letter to a
fellow Dutch painter, Mondrian wrote of his work in this genre as follows: "I believe it is possible that,
through horizontal and vertical lines constructed with awareness, but not with calculation, led by high
intuition, and brought to harmony and rhythm, these basic forms of beauty, supplemented if necessary by
other direct lines or curves, can become a work of art, as strong as it is true."
Although it is common for artists (and others) to contrast "calculation" and "intuition", intuition is a
psychological phenomenon and hence can be modeled by calculation – much like any other psychological
judgment or decision studied in the field of mathematical psychology. Here the judgments of interest are
judgments of aesthetics, made by artists and their audiences; and the decisions of interest are decisions
made by artists, about where to place the lines in their grid-line compositions. The present study of these
judgments and decisions is aimed at advancing an understanding of artistic intuition and audience
appreciation, via mathematical calculation and empirical validation.
To further inform the approach, the remainder of this introduction reviews existing theories of aesthetics
from philosophical, mathematical, and psychological perspectives. Special attention is paid to
mathematical models of psychological processes that underlie aesthetics, as motivation for the model
derived and discussed in subsequent sections.
1.1. Unity and variety
Arguably the most universal theory of art and aesthetics is that of "unity in variety" [6,29], expressed by
Hutchesen [28] as follows: "the figures which excite in us the ideas of beauty seem to be those in which
there is uniformity amidst variety". Similarly Fry [21] wrote of artworks: "the first quality that we demand
in our sensations will be order, without which our sensations will be troubled and perplexed, and the
other quality will be variety, without which they will not be fully stimulated".
Related theories have been expressed throughout history by many authors including Plato, Aristotle,
Plotinus, Kant, Hegel, Dewey, and Heidegger [26]. Berlyne [3] reviews a number of these philosophies,
along with scientific theories from psychology and physiology such as Fechner's [19] "principle of
unitary connection of the manifold". Berlyne and his colleagues also performed many empirical studies to
advance a science of aesthetics [4], but ultimately his experiments and two-factor (reward and aversion)
theory of "arousal potential" [3] did not go much beyond earlier philosophies in specifying how aesthetic
responses can be computed.
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Before Berlyne, Birkhoff [5] proposed a quantitative theory of aesthetic measure M as the ratio of
perceived order O to complexity C, writing: "the well known aesthetic demand for 'unity in variety' is
evidently closely connected to this formula". Although Birkhoff offered "A Mathematical Argument" as a
basis for the formula M = O / C, his argument contains a number of critical errors outlined here in
Appendix A. Also Birkhoff never tested his equation against human judgments of aesthetics, so his theory
is lacking both a theoretical foundation and empirical validation. Nevertheless, the formula M = O / C has
historically been remarkably influential and remains so even in current efforts to compute aesthetics
[2,3,15,17,18,24,32,36,39,42,46,49,50,51,57].
Over the years, various researchers have tested M = O / C against human judgments of aesthetics, and on
balance the equation has not been supported; for reviews see [17,18,32,39]. Instead a large number of
empirical studies reviewed by Eysenck [17,18] suggests a better model would compute M as a product, M
= O * C, rather than a quotient, M = O / C. However all these studies are sensitive to how the two
independent variables (O and C) are computed by experimenters from features of stimuli, and Birkhoff
himself proposed only ad hoc methods for doing so. For example, Birkhoff measured the complexity C of
a polygon by the number of line segments in its outline, without any regard for the relative lengths,
orientations, or relations between the line segments. Similarly, he measured order O by counting various
symmetries (vertical, rotational, and so forth), which were all weighted equally, and he assumed an
arbitrary list of "unsatisfactory" features that reduced the magnitude of O. Therefore it is not clear how
the theory can be applied and tested on graphic designs other than the isolated polygons that Birkhoff
himself analyzed.
1.2. Information theory
After Birkhoff and around the time of Berlyne, a number of authors attempted to apply Shannon's
mathematical theory of information and communication [53] to art and aesthetics; for a review see [42].
These authors, led by Bense [2] and Moles [41], used a quantity known as entropy to measure complexity
C. Following Shannon's formulation, a message (artwork) can be characterized as a set of discrete signals
which occur with some probability (frequency), and entropy measures the overall unpredictability of
signals in the message. The entropy is lowest when one signal is very probable and all other signals are
very improbable. The entropy is highest when no signal is more probable than any other signal, and
entropy increases as the number of equally probable signals increases.
To quantify the entropy of a visual stimulus, one must first define the categories of signals in a repertoire
that will be used to compute probabilities. Typically this is done by treating each individual pixel as a
signal [49,50,51]. For example, in each panel (a, b, c, d, e) of Figure 1 there are only two categories of
pixels (black, white) and hence two probabilities (Pblack, Pwhite). Thus by Shannon's definition [53], the
entropy (H) of a panel (a, b, c, d, or e) is computed as follows:
H = -∑i Pi * log Pi,
where i is an index over the two pixel categories (black, white), and the log is taken to base 2 such that H
measures entropy in "bits". Numerically, the entropy H in panels a, b, c, d, and e of Figure 1 increases
from a to e, because the probability of black pixels Pblack is increasing toward that of white pixels Pwhite.
Visually, inspection of Figure 1 suggests that the perceived complexity is also increasing from a to e.
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Figure 1. H increases: (a) H = 0.19; (b) H = 0.24; (c) H = 0.28; (d) H = 0.33; (e) H = 0.36. VE increases:
(a) VE = 2.0; (b) VE = 3.3; (c) VE = 4.3; (d) VE = 5.0; (e) VE = 5.4. See text for definitions of H and VE.
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Figure 2. H = 0.28 is constant. VE increases: (a) VE = 4.0; (b) VE = 4.1; (c) VE = 4.3; (d) VE = 4.6; (e) VE =
4.9. See text for definitions of H and VE.
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Figure 3. H = 0.28 is constant. VE increases: (a) VE = 4.0; (b) VE = 4.1; (c) VE = 4.3; (d) VE = 4.6; (e) VE =
4.9. See text for definitions of H and VE.
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Figure 4. H increases: (a) H = 0.19; (b) H = 0.24; (c) H = 0.28; (d) H = 0.33; (e) H = 0.36. VE increases:
(a) VE = 2.7; (b) VE = 4.2; (c) VE = 4.8; (d) VE = 5.1; (e) VE = 5.4. See text for definitions of H and VE.
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Figure 5. H increases: (a) H = 0.47; (b) H = 0.52; (c) H = 0.56; (d) H = 0.60; (e) H = 0.66. VE increases:
(a) VE = 6.5; (b) VE = 6.7; (c) VE = 7.0; (d) VE = 7.3; (e) VE = 7.6. See text for definitions of H and VE.

Mathematically, the quantity -log Pi is a measure of improbability > 0 (because 0 < Pi < 1), sometimes
called self-information [12,53]. The same quantity is also called surprisal [12,53], because when -log Pi is
large (Pi is small) a signal of class i is surprising when it is seen, and when -log Pi is small (Pi is large) a
signal of class i is not surprising when it is seen. Thus H can be characterized as a sum of surprisals, each
weighed by the frequency (Pi) at which it occurs in the stimulus.
In applying Shannon's theory to information aesthetics, authors have typically adopted Birkhoff's equation
M = O / C and then used entropy H to quantify complexity C and order O. For example, a recent version
[49,50] of Bense's formulation [2,51] assumes complexity is given by Hmax and order is given by Hmax – H
such that:
M = O / C = (Hmax – H) / Hmax = 1 – H / Hmax,
where Hmax is the entropy computed when each signal category has an equal probability. For example, in
the case of black and white pixels Hmax = 1 when Pblack = Pwhite = 0.5. In another equation [42] attributed to
contemporaries of Bense, complexity is given by H and order is given by (Hmax – H) / Hmax such that:
M = O / C = (Hmax – H) / (H * Hmax) = 1 / H – 1 / Hmax.
Although these two equations differ by a factor of H, they both predict the same qualitative behavior for
M as a function of H when the signal repertoire and hence Hmax is held constant (such as Hmax = 1 for the
case of black and white pixels). That is, both equations imply M increases monotonically as H decreases,
such that the aesthetic measure M would be maximized when entropy H is minimized. As noted in [51]:
"information aesthetics... inherits Birkhoff's preference for minimalist structures". In fact the first model
discussed above predicts maximal M at minimal H even if Birkhoff's equation M = O / C is replaced by
Eysenck's equation, because in that case we have: M = O * C = (Hmax – H) * Hmax.
If the above models are correct, then aesthetics should decrease monotonically from panel a to e in Figure
1 (and Figure 4), because entropy H increases from panel a to e. Also the aesthetic measure should be
constant across all panels of Figure 2 (and Figure 3), because entropy H is constant across the panels.
Later, in Section 4 Validation, these predictions will be tested formally in an experiment that includes
Figures 1-4 as stimuli. But at this point even informal inspection of Figures 1-4 casts doubt on the
predictions of information aesthetics. In fact inspection of Figures 2 and 3, where entropy H is constant,
suggests that classical entropy H is not even an adequate measure of visual complexity itself. This will
also be tested formally in Section 4 Validation.
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1.3. A cognitive hierarchy
The obvious problem with classical entropy computed from pixels is that it only quantifies an overall
frequency for each pixel category, such as Pblack and Pwhite. By ignoring where the black and white pixels
actually appear in a figure, relative to other black and white pixels, H fails to capture more meaningful
aspects of similarity, proximity, and continuity along black lines and within white shapes at a higher level
of abstraction.
As a simple example, consider the statement "rectangle with area A" in referring to a region of Figure 1a.
This is a statement of meaning, connoting the shape and size for a subset of signals (which are white
pixels bounded by black pixels) that appear in the figure. Cognitively this connotation stems from
perceptual grouping processes, which aggregate lower-level signals like individual black and white pixels
into higher-level meanings like lines and shapes, based on Gestalt principles [55] of similarity, proximity,
and continuity.
In fact human vision actually produces a hierarchy of such feature abstractions [27,34,37], which can be
characterized as follows: meanings at one (lower) level serve as signals to be assigned meanings at the
next (higher) level; and then meanings at that level serve as signals to be assigned further meanings at the
next level; and so forth; until meanings are assigned at some highest level as well as all lower levels. For
example, a simple abstraction hierarchy with only two levels can be characterized as follows for the gridline designs in Figures 1-4: At the lower level, signals are black pixels and white pixels, and meanings are
white shapes bounded by black lines. At the higher level, signals are white shapes bounded by black lines,
and meanings are connotative features of the overall composition that evoke feelings such as balance
(associated with unity, symmetry, regularity, similarity) and tension (associated with variety, asymmetry,
irregularity, diversity). In that respect, our affective responses to these graphic designs depend on
cognitive appraisals [16,32,44,45,48,51,52,54] of meanings for signals at the higher level.
Of course one might argue that classical entropy H can instead be computed over some different set of
signal categories, besides black and white pixels. In fact Moles [41] and Bense [2] suggested this in a
notion of "superization". For example, consider Figure 2a and assume that the repertoire contains "supersignals" defined as white shapes and black lines, rather than signals defined as white pixels and black
pixels. In that case we might count 16 white shapes and 10 black lines, such that Pwhite shapes = 0.62 and
Pblack lines = 0.38. However, these probabilities and hence entropy H would still be the same for all panels
of Figure 2 (and Figure 3), so even with superization the classical entropy calculation predicts no change
in visual complexity or aesthetic quality across the panels of Figure 2 (and Figure 3).
These examples illustrate two limitations of information aesthetics, which stem from classical entropy (H)
and Birkhoff's equation (M = O / C). First, information aesthetics are limited by the assumption that
classical entropy H is an adequate model of visual complexity (and order). Second, information aesthetics
are limited by the assumption that Birkhoff's equation M = O / C is an adequate model of how aesthetics
vary as a function of complexity and order. These two limitations are addressed in the remaining sections
of this paper as follows: Section 2 Formulation derives a novel measure of visual entropy to model
graphic complexity; Section 3 Optimization develops a formal model of how aesthetic quality varies with
visual entropy; and Section 4 Validation tests these mathematical models (as well as H and M = O / C)
against psychological judgments of visual complexity and aesthetic quality.
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2. Formulation
2.1. Fractional entropy
Assuming the repertoire of signals in Figures 1-4 includes only white shapes and black lines, a
straightforward extension of Shannon's equation to spatial information would be to compute an entropy of
areas [58]. That is, probabilities representing fractional white areas An (each > 0 and ≤ 1) bounded by
black lines would replace white and black pixel frequencies Pi in the previous equation for H. The
resulting entropy of areas, here denoted U, is as follows:
U = -∑n An * log An,
where n is an index ranging from 1 to N over the N white shapes (bounded by black lines).
Like H, U tends to increase as the number of signal categories increases, which in this case would be the
number N of discrete areas An. But for a given number N, U would be maximized when all N areas have
the same An, such that variety among the white areas is minimized (see panel a of Figures 2 and 3).
Therefore U is actually a measure of numerosity and unity, rather than a measure of numerosity and
variety as needed in a model of complexity.
2.2. Visual entropy
Unlike the fractional entropy U, a visual entropy VE should decrease as the variety among N shapes
decreases, such that VE is minimized (not maximized) when a set of N shapes exhibits area uniformity A1
= A2 = A3 = A4 ... = AN. Also a visual entropy VE should decrease as the number N of areas decreases. To
obtain such a quantity, we can define VE as the sum of a relative entropy VR (measuring only variety) and
a reference entropy V0 (measuring only numerosity), where VR is measured relative to V0. An expression
for this quantity VE = VR + V0 is derived here as follows:
First, consider an area probability distribution {An} = {A1, A2, ..., AN} along with a reference probability
distribution of uniform areas (no variety) given by {Aave} = {Aave, Aave, ..., Aave} where Aave = 1 / N. The
entropy of distribution {An} relative to the reference distribution {Aave} is given by an informationtheoretic quantity known as the Kullback-Leibler divergence [33]:
VR = -∑n Aave * log (An / Aave).
By a law of logs, this equation is expanded to obtain:
VR = [ -∑n Aave * log An ] – [ -∑n Aave * log Aave ]
= (1 / N) * ∑n -log An – V0,
where V0 is the reference entropy computed as follows:
V0 = -∑n Aave * log Aave = log N.
Finally, we can write:
VE = VR + V0 = (1 / N) * ∑n -log An.
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Notice that this visual entropy VE differs from the fractional entropy U, because each surprisal (-log An) in
the sum is multiplied by a probability 1 / N rather than by a probability An. This follows from the choice
of white shapes (bounded by black lines) as signals in the calculation of VE, because at this higher level of
abstraction we have N white shapes each appearing once in the image.
As specific examples, values of VE are computed and reported in captions of Figures 1-5 for all five
panels (labeled a, b, c, d, e) appearing in each figure. For Figures 1, 4, and 5, VE increases with increasing
numerosity of white shapes. For Figures 2 and 3, VE increases with increasing variety among the white
shapes. By comparison, classical entropy H is constant across panels of Figures 2 and 3 (and fractional
entropy U actually decreases as the variety increases across panels of Figures 2 and 3). These two models,
VE and H, are tested against human judgments of visual complexity in Section 4 Validation.
2.3. Psychological complexity
From a psychological perspective, one might wonder why human vision would be more surprised by
small white areas (where small An yields large -log An) than large white areas (where large An yields small
-log An), as implied by the formulation of visual entropy VE. A basis for this behavior [56] can be found in
the function of human vision, which has evolved to exploit meaningful changes. That is, our visual
system is designed to detect changes in local image intensity (signals) that represent changes in global
object properties (meanings), such as surface orientation along the edge of one object, or depth of position
from one object to another.
These changes are represented as short "lines" by neurons in early stages of the visual system, and then
further aggregated to represent the continuous edges of objects at higher levels of the visual hierarchy
[27,34,37]. In fact this neural coding helps explain how humans, even those who are blind from birth [31],
can so readily interpret 2-D line drawings of 3-D shapes and scenes [47]. In effect, our vision of a line
drawing assumes that each line depicts a change – which implies a surprise (discontinuity) across the line
and lack of surprise (continuity) along the line. By that logic, there would be more surprise when one line
is close to another line than when the two lines are far apart, so small white areas An (bounded by close
lines) would represent more surprise than large white areas An.
Of course there is an upper limit on surprise measured by -log An, based on the lower limit of resolution
by which human vision can discriminate between lines. Also, when multiple lines are in close proximity
they may be perceived at a higher level of abstraction as representing a region of texture or shading [30],
rather than as individual edges or depth changes. And even when lines are relatively sparse, a viewer's
surprise upon seeing one spacing between lines may depend on expectations formed after seeing other
spacings between lines. For example, after seeing two parallel lines in close proximity a viewer may be
less (or more) surprised to see two more parallel lines in close proximity. Thus the surprise experienced
by a viewer actually depends on more than just the proximity of one line to another line. But to a first
approximation, based on the design of our visual system, it is reasonable to assume that the surprise
associated with seeing an area An would increase as the distances between the lines that bound An are
decreased – hence as An itself decreases.
As described above, the surprise modeled by VE is a key component of the aesthetic experience and akin
to variety (or complexity). The other component, akin to unity (or order), is addressed in the next section,
which presents an integrated model of how complexity and order combine to affect aesthetic optimality.
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3. Optimization
Referring to the philosophy of "unity in variety", our underlying intuition is that aesthetics arise from a
combination of competing properties, namely: unity (order, balance, simplicity, predictability) and variety
(chaos, tension, complexity, unpredictability). This presents a tradeoff because these two properties are
logical opposites, so the only way to get more of one is by giving up some of the other. In this section I
develop a mathematical model of the tradeoff, dubbed EVE' [7-10], in which aesthetics are modeled by a
psychological progression of expectations (E), violations (V) of expectations, and explanations (E') of
violations.
3.1. EVE's equations
According to EVE', the aesthetic experience is a combination of two competing effects that each provide
a form of pleasure. One effect is successful expectation (E) of signals, where pleasure occurs because
one's expectation is satisfied as the expected signals are received. The other effect is successful
explanation (E') of meaning, where pleasure-prime results from the resolution of tension that was caused
by a violation (V) of expectation. Thus the total aesthetic pleasure, denoted X, is computed as follows:
X = g * E + g' * E',
where g is the gain in pleasure from a unit of successful expectation E, and g' is the gain in pleasureprime from a unit of successful explanation E'.
The central component of EVE' is a violation (V) of expectation (E), which is measured by the surprisal
associated with receiving some signal or set of signals, s. For the visual stimuli in Figures 1-5, this
surprisal would be given by the visual entropy VE derived in Section 2. Logically a violation (V) is the
opposite of expectation (E), so E is computed by the additive inverse of V as follows:
E = -V = -VE.
Finally, a measure of explanation (E') for a violation (V) is computed as a fraction P(m|s) of V:
E' = P(m|s) * V = P(m|s) * VE,
where P(m|s) is a probability that reflects the extent to which the violation is resolved by an explanation
of meaning m for the signals s. Substituting these equations into the earlier equation for X yields:
X = [ g* (c * P(m|s) – 1) ] * VE,
where c = g' / g. Thus the equation for X can be seen as a product of two factors, much like the aesthetic
measure M = O * C suggested by Eysenck [17,18], where the first factor (in brackets) is analogous to
order O and the second factor (VE) is analogous to complexity C. This equation for X is clearly different
from Birkhoff's ratio given by M = O / C, and the two factors appearing in EVE's equation for X are also
different from previous information-theoretic models of order and complexity. In particular, the second
factor is computed as a visual entropy VE that differs from classical entropy H, and the first factor is
computed using a conditional probability of meaning for signals, P(m|s).
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No quantity like the conditional probability P(m|s) appears in previous models of information aesthetics,
and in fact no quantity like P(m|s) even appears in Shannon's information theory itself. As discussed in
Weaver's introduction [59] to Shannon's famous paper [53], information theory addresses communication
only at the level of probabilistic signals, without any regard for the semantic meanings that those signals
may carry from the creator of a message to a consumer of the message. EVE' differs in modeling the
appraisal of meaning, via conditional probability P(m|s), as well as arousal from signals, via visual
entropy VE.
Besides addressing meanings as well as signals, EVE' is also novel in addressing differences between
individuals in an audience. In particular, the parameter c = g' / g models how much more pleasure-prime
is gained from a unit of E' compared to the pleasure gained from a unit of E. Any individual will have c >
1, or else there would be no affective incentive for them to seek surprise and hence experience arousal
from artworks. But the magnitude of c > 1 may vary among individuals, and psychological research has
established that people do differ in a personality trait known as "sensation seeking" [62] that affects
aesthetic preferences. For example, people who are high in sensation seeking (modeled here by high c)
tend to prefer more complex and abstract art [62] than people who are low in sensation seeking.
Similarly, the magnitude of P(m|s) may vary among individuals because P depends on the meanings (m)
that an individual assigns to signals (s) in appraisal of an artwork [16,32,44,45,48,51,52,54]. This is
especially true for figurative artworks depicting objects, humans, actions, and other aspects of the world
where rich semantics may make meanings quite variable between cultures and between individuals within
those cultures. For that reason, the present study uses only abstract designs for which it is feasible to
estimate P(m|s) by making a single simplifying assumption. This assumption is that more meaning will be
extracted and hence higher P(m|s) will be computed when a viewer is processing signals that are
relatively simple and ordered – as opposed to signals that are relatively complex and disordered. Using a
linear function bounded by P(m|s) = 0 when VE reaches some maximum value VE,max, and P(m|s) = 1 when
VE = 0, we can write the assumption as follows:
P(m|s) = (VE,max – VE) / VE,max.
Substituting this expression for P(m|s) into the previous equation for X, we obtain:
X = [ g * (c * (VE,max – VE) / VE,max – 1) ] * VE.
3.2. EVE's prediction
Now notice what the above equation for X as a function of VE implies about an optimal aesthetic
experience, which is computed by setting the first derivative equal to zero, dX / dVE = 0. The result is:
VE,opt = [1/2 * (1 – 1 / c)] * VE,max.
According to this equation, aesthetic optimality occurs at an intermediate visual entropy VE,opt between 0
and VE,max, and VE,opt increases as the personal preference for complexity modeled by c increases. Cleary
this prediction is much different from the prediction of Birkhoff's formulation M = O / C and associated
equations of information aesthetics. As noted in Section 1.2, those models predict that aesthetics will
increase monotonically as entropy decreases, such that aesthetic optimality will occur at a minimal
entropy Hopt = ε for all individuals in an audience.
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4. Validation
An experiment was performed to test EVE' and competing models against human judgments, by
collecting two types of responses using Figures 1-5 as stimuli. First, judgments of visual complexity were
obtained to test the model of visual entropy (VE) as well as classical entropy (H). Second, judgments of
aesthetic quality were obtained to test EVE's model of X versus VE as well as M = O / C.
4.1. Materials and methods
Many artists have created artworks using only horizontal and vertical lines, albeit often filling areas with
color and/or using lines that do not run the complete length or width of the image. Perhaps the most wellknown is Mondrian, whose artworks include a series of designs similar to Figures 1-4 but painted with
colored lines, titled New York City I, II, and III, which can be found by searching images on the world
wide web. An approximation of New York City I (1942) was created for this study and appears as panel e
of Figure 5. The remaining panels (d, c, b, and a) of Figure 5 were created by progressively removing
yellow lines from Mondrian's design, with the simplest panel containing a total number of lines
comparable to the most complex panel of Figures 1 and 4.
All other designs in the present study use grids of black lines on a white background, as illustrated in
Figures 1-4. The positions of lines in these designs were generated at random by a computer program,
subject to a constraint that parallel lines not be closer than 5% of the panel length or width (similar to the
designs of Figure 5). The experimental stimuli in Figures 1-4 were chosen from a large set of designs that
were generated in this fashion, to obtain numerical ranges of entropies needed to test competing models.
The experimental stimuli included five pages (numbered 1, 2, 3, 4, 5) as illustrated in Figures 1-5. On
each page, the five panels (labeled a, b, c, d, e) were arranged in random order horizontally across the
page. Each participant was presented with the five pages, one at a time, and asked to provide two sets of
responses as follows: first, to rank the five panels on the page from most to least visually complex; then,
to rank the five panels on the page from most to least aesthetically pleasing. The experiment was
administered as a survey over the internet, and participants were volunteers who each reported their
judgments on all pages of the survey. At the end of the survey, participants were also asked to answer
demographic questions about their gender, age group, training (no art training; some art training), art taste
(do not like abstract art; do like abstract art), and lifestyle (enjoys surprises; prefers to plan things).
4.2. Empirical data
A total of 148 adults volunteered for the experiment, typically taking about five minutes to complete all
five pages of the online survey. These 148 participants were fairly well-balanced with respect to the
demographic questions noted above: 80 male and 68 female; 84 younger age group (< 48 years old) and
64 older age group (≥ 48 years old); 94 no art training and 54 some art training; 61 do not like abstract art
and 87 do like abstract art; 61 enjoy surprises and 87 prefer to plan things.
For each page of the survey (presenting Figure 1, 2, 3, 4, or 5), participants ranked the panels (a, b, c, d, e)
from most to least visually complex (hereafter denoted C), and from most to least aesthetically pleasing
(hereafter denoted A). Integer scores of 1 (lowest rank) to 5 (highest rank) were then assigned to these
rankings in order to analyze the judgments quantitatively. As noted above, panels on each page were
presented to participants in random order across the page. However, for purposes of presenting the data
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here, all results are reported for panels labeled a, b, c, d, and e as illustrated in Figures 1, 2, 3, 4, and 5.
For each ranking (C and A) of panels (a, b, c, d, e) on each page (Figure 1, 2, 3, 4, 5), mean judgments
across participants were computed for use in testing models against data (see Section 4.4).
The mean rankings are illustrated in bar graphs of Figure 6 (rankings for C) and Figure 7 (rankings for A).
The significance of these mean rankings was established by performing Friedman's non-parametric
analysis of variance (ANOVA), which is appropriate for data that are rank-ordered. As summarized in
Table 1, Friedman's test showed that all mean rankings were significant, with p < 0.001 for each ranking
(C and A) of each figure. The data for C and A were also used to compute Kendall's coefficient of
concordance (W) as a measure of agreement between participants, ranging from zero agreement (W = 0.0)
to perfect agreement (W = 1.0). Table 1 summarizes the results denoted WC (agreement in rankings of C)
and WA (agreement in rankings of A) for Figures 1-5. The WC values > 0.50 for Figures 1-5 show that
agreement among participants was quite high for all rankings of visual complexity (C). The WA values <
0.50 for Figures 1-5 show that agreement among participants was lower for all rankings of aesthetic
quality (A). These results are to be expected, because judgments of aesthetic quality are presumably a
function of visual complexity as well as other factors, so rankings of A would necessarily be more
variable than rankings of C.

Figure 6. Mean rankings of visual complexity (C) for panels (a, b, c, d, e) of Figures 1, 2, 3, 4, 5. Error
bars represent standard errors of the means.
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Figure 7. Mean rankings of aesthetic quality (A) for panels (a, b, c, d, e) of Figures 1, 2, 3, 4, 5. Error bars
represent standard errors of the means.

Table 1. Levels of significance (p values), from Friedman's non-parametric analysis of variance, for mean
rankings of visual complexity (C) and aesthetic quality (A). Values of Kendall's coefficient of
concordance (W), for mean rankings of visual complexity (C) and aesthetic quality (A).
Figure 1

Figure 2

Figure 3

Figure 4

Figure 5

pC
pA

< 0.001
< 0.001

< 0.001
< 0.001

< 0.001
< 0.001

< 0.001
< 0.001

< 0.001
< 0.001

WC
WA

0.91
0.22

0.64
0.12

0.67
0.03

0.95
0.28

0.88
0.42
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Table 1 shows that WC is lower for Figures 2 and 3 than for Figures 1 and 4; and WA is lower for Figures 2
and 3 than for Figures 1 and 4. These results are also to be expected, because the range of visual entropy
(VE) across panels (a, b, c, d, e) was about three times higher for Figures 1 and 4 than for Figures 2 and 3.
However, as established by Friedman's test (noted above), mean rankings of C and A were significant (p <
0.001) for all figures, so these mean rankings offer useful data for testing models as discussed below.
4.3. Model predictions
In order to compare models to data, mean rankings for C (Figure 6) and A (Figure 7) are first converted to
integer values. In cases where the ranks are within error bars representing standard errors of the means,
equal non-integer values are assumed. Comparable rankings are also predicted for each model as follows:
For visual complexity, visual entropy (VE) predicts a ranking 1, 2, 3, 4, 5 (panels a, b, c, d, e) for each
page (Figure 1, 2, 3, 4, 5), consistent with the captions of Figures 1-5. For classical entropy (H), the
ranking is also 1, 2, 3, 4, 5 for Figures 1, 4, and 5, but the ranking is 3, 3, 3, 3, 3 for Figures 2 and 3, again
consistent with the captions of Figures 1-5. Note that values of H reported in the caption of Figure 5 were
computed assuming {white, red, yellow, blue} pixels as the signal repertoire, but the same ranking (1, 2,
3, 4, 5) is obtained when H is computed assuming {white, non-white} pixels as the signal repertoire.
For aesthetic quality, EVE' predicts that human rankings will depend on the personal parameter c
discussed in Section 3. Individual differences between participants are addressed in Section 4.6, but here
the mean prediction for Figure 1 is that optimal aesthetics will occur at a visual entropy VE,opt given by the
average VE across panels (a, b, c, d, e). Because this average value lies between the value of VE for panel b
and panel c, the ranking predicted by EVE' is 2.5, 4.5, 4.5, 2.5, 1 (for a, b, c, d, e, respectively). The same
logic produces the same ranking for panels (a, b, c, d, e) of Figure 4, and produces the ranking 1, 2.5, 4.5,
4.5, 2.5 for panels (a, b, c, d, e) of Figures 2 and 3. For Figure 5, the total number of lines in the simplest
design (panel a) is comparable to that of the most complex design (panel e) of Figures 1 and 4. Therefore
EVE' predicts a ranking 5, 4, 3, 2, 1 for panels (a, b, c, d, e) of Figure 5. Now for the model M = O / C,
where complexity C is computed from classical entropy H, the prediction is that M increases
monotonically as H decreases. Thus the predicted ranking is 5, 4, 3, 2, 1 for Figures 1, 4, and 5, but 3, 3,
3, 3, 3 for Figures 2 and 3 where H is constant across panels. For another model, using VE instead of H as
a measure of complexity, the model M = O / C predicts a ranking 5, 4, 3, 2, 1 for the panels (a, b, c, d, e)
of Figures 1, 2, 3, 4, and 5. These two models are denoted O/H and O/V, respectively.
4.4. Model performance
Referring to Table 2, data for judgments of visual complexity C are used to test the model of visual
entropy VE as well as the competing model of classical entropy H. For each model, Spearman's rank
correlation coefficient (ρ) is computed as a measure of how well the model rankings (VE or H) match the
human rankings (C). Spearman's ρ can range from -1.0 (representing an inverse correlation) through 0.0
(representing a lack of correlation) to 1.0 (representing a perfect correlation). As seen in Table 2, visual
entropy VE predicts subjective complexity C almost perfectly for each page (Figures 1-5). By comparison,
classical entropy H predicts subjective complexity C only for Figures 1, 4, and 5, and fails to predict the
significantly non-uniform rankings of C for Figures 2 and 3.
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Table 2. Results of comparing models to data, using Spearman's rank correlation coefficient (ρ). Results
for ρV and ρH test models of visual entropy and classical entropy, respectively. Results for ρEVE', ρO/H, and
ρO/V test models of aesthetic quality.
Figure 1

Figure 2

Figure 3

Figure 4

Figure 5

ρV
ρH

1.00
1.00

1.00
0.00

0.90
0.00

1.00
1.00

1.00
1.00

ρEVE'
ρO/H
ρO/V

1.00
0.53
0.53

0.88
0.00
-0.22

0.80
0.00
-0.16

0.97
0.67
0.67

0.90
0.90
0.90

Also referring to Table 2, data for judgments of aesthetic quality A are used to test the model of EVE'.
These same data are used to test two models based on M = O / C, one denoted O/H that uses H as a
measure of complexity, and the other denoted O/V that uses VE as a measure of complexity. Once again,
Spearman's rank correlation coefficient (ρ) between model and data is computed in order to obtain a
comparable score for each model.
As seen in Table 2, EVE' predicts the human rankings of aesthetics A for Figures 1-5, all with a highly
positive score of ρEVE' = 0.80 or greater. O/H scores much lower for Figures 1 and 4, and has zero
correlation with the data for Figures 2 and 3. However, the human data for C (discussed above) clearly
showed that H is a poor model of subjective complexity for Figures 2 and 3. This suggests the low score
for O/H may be due to H and that better results might be obtained if complexity was modeled by VE.
However, Table 2 shows that O/V produces scores that are even lower and actually negative for Figures 2
and 3. In effect, O/H scored higher than O/V for judgments of A only because H did not predict human
judgments of C. This result highlights the importance of empirically measuring the independent
variable(s), in this case C, as well as the dependent variable (in this case A) – unlike previous efforts to
test Birkhoff's model M = O / C.
4.5. Additional influences
For the case of Figure 5, Table 2 shows that EVE' and M = O / C both predict the human ranking of
aesthetic quality (A) quite well with ρ = 0.90. One reason is that complexity is increasing from panel a to
panel e in Figure 5, as measured by data C and as modeled by both H and VE. The other reason is that the
simplest design (panel a) of Figure 5 is comparable to the most complex designs of Figure 1 (panel e) and
Figure 4 (panel e), and these designs in turn are more complex than designs with optimal aesthetics (see
Figure 7). This may help explain why Birkhoff's model has had some limited success predicting aesthetic
judgments in other studies. That is, when all stimuli are more complex than the optimal complexity, then
M = O / C will correctly predict that aesthetics increase monotonically as complexity decreases. For
example, one could easily design an experiment in which all or most stimuli have greater than the optimal
level of complexity. One might then conclude that Birkhoff's model is a good model based on empirical
results like those obtained here for Figure 5. But to adequately assess models, stimuli must be carefully
designed to test the model predictions in realms where those predictions are theoretically falsifiable.
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With regard to testing different models, one might wonder why Figure 5 was even included in the
experiment, as all three models make the same predictions. One reason was to ensure that participants
were not just, as a matter of convenience or conservatism, always choosing a design with average
complexity (among panels a, b, c, d, e) as most aesthetic. If that were the case then the success of EVE's
predictions could be considered an artifact of the experiment itself. But results for Figure 5 show that the
highest ratings for aesthetics A were clearly skewed toward minimal rather than average complexity. This
suggests that participants were indeed making deliberate judgments of aesthetics, rather than just
choosing a design of average complexity as most aesthetic based on convenience or conservatism.
Another reason for using Figure 5 in the experiment was to include at least one design (panel e in Figure
5) that approximates an actual work of art by a well-known artist; also see [35,38,43,60]. Previous studies
have often used stimuli such as Birkhoff's polygons, which are arguably not compositions of the sort that
artists might create as art and audiences might display as art. In that regard it is interesting that the most
complex panel of Figure 5, designed to approximate an original Mondrian composition in the number,
placement, and color of lines, was ranked the least aesthetic of any design (see Figure 7). Moreover,
aesthetic agreement among participants was greatest for Figure 5, as seen from the high value of WA =
0.42 in Table 1. Instead of the Mondrian design, most people preferred much simpler variations produced
by removing yellow lines such that the numbers of red, yellow, and blue lines were approximately equal.
Of course panel e of Figure 5 only approximates the actual Mondrian titled New York City I (1942), as
the original is much larger and contains subtle modulations in colors, brushstrokes, and other features of
the artist's style [11]. Also Mondrian's intent may have been to evoke a tense feeling in his painting,
similar to what a person might actually feel in the buzz of New York City. In that case knowledge of the
painting's title would likely influence an audience's aesthetic judgment – because the audience would be
extracting more meaning from the image based on their knowledge of its content and the artist's intent.
Other empirical studies have shown that knowledge of a painting's title alone can significantly enhance
the aesthetic experience [40]. For that reason, only non-descript labels (a, b, c, d, e) were assigned to the
abstract designs presented to participants in this study (Figures 1, 2, 3, 4, 5). The point here is to
acknowledge that this control of experimental stimuli, needed for rigorous testing of competing theories,
may in fact miss a major aspect of art in more natural settings – where semantic titles and artistic intents
are of much importance to the aesthetic experience.
4.6. Individual differences
As discussed in Section 3 Optimization, EVE' includes a personal parameter c that reflects an individual's
desire for "sensation seeking" [62] and affects the level of complexity C at which that individual will
experience aesthetic optimality. To gain further insight into this parameter, individual judgments were
used to identify the level of complexity Copt (that is, rank of C ranging from 1 to 5) at which each
participant reported the maximum aesthetic quality (that is, rank of A = 5) for Figures 1-4. The resulting
value of Copt for each participant, averaged across Figures 1-4, represents a measure of that participant's
aesthetic preference for complexity ranging from Copt = 1 (simplest) to Copt = 5 (most complex). These
values of Copt spanned the complete range from 1 to 5, with a mean Copt = 2.76. Only one individual had
Copt = 5, whereas 11 individuals had Copt = 1, and the vast majority of all 148 participants had Copt in the
range of 2 to 4. Figure 8 plots a histogram of these Copt values in eight intervals.
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Figure 8. Histogram illustrating the number of individuals (y-axis) with optimal level of complexity (Copt)
in each of eight intervals (x-axis).

Further analysis was performed to establish whether any of the personal factors measured by demographic
questions could account for these individual differences. To do so, mean values of Copt for each binary
distinction (male versus female; younger versus older; no art training versus some art training; do not like
abstract art versus do like abstract art; enjoys surprises versus prefers to plan things) were compared using
Student's t-test. The results showed that none of the factors was significant (all p > 0.05). Gender was the
only factor approaching significance (p = 0.08), with a mean Copt = 2.90 for females higher than the mean
Copt = 2.64 for males.
Contrary to some speculation [39], even art training did not predict a person's preferred level of visual
complexity. Similarly, despite the findings of previous research on sensation seeking [62], neither art taste
(such as liking abstract art) nor lifestyle (such as enjoying surprises) predicted a person's optimal level of
complexity in the present study. These results demonstrate the importance of individual differences, and
highlight the difficulty of predicting any one person's aesthetic preferences.
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5. Conclusion
This article offers both theoretical and empirical contributions to the field of computational aesthetics
[20,22,23,24,25,51]. The theoretical contribution is a novel formulation of visual entropy, and a
mathematical model of aesthetic optimality as a function of visual entropy. The empirical contribution is
formal testing of this model, dubbed EVE', including individual differences between members of an
audience.
Compared to competing mathematical models of information aesthetics, EVE' is unique in addressing
both affective arousal from probabilistic signals and cognitive appraisal of semantic meanings. But for the
present study the semantics were extremely simplified by limiting the visual stimuli to abstract patterns of
grid lines. This enabled computation of a visual entropy VE, needed as input to EVE', and also allowed a
consistent comparison between EVE' and existing models of information aesthetics that do not address
semantics. The empirical testing demonstrated that VE and EVE' offer much better models of how humans
judge complexity and aesthetics, respectively, compared to classical entropy H and the Birkhoff-based
equations of information aesthetics.
Beyond the abstract designs of this study, EVE' also applies to other abstract and figurative artworks in
the visual domain [7] – as well as to narrative verse [8,9] and musical works [10]. But in any domain,
EVE's mathematical modeling of arousal and appraisal will depend on the psychological processes by
which humans perceive signals and assign meanings. More specifically, arousal depends on surprisal
from signals, which in turn depends on perceptual grouping processes that govern which features of an
artwork will be sensed as signals in the first place. Similarly, appraisal depends on world knowledge and
value structures by which humans infer the meanings of artworks and assess the intents of artists. One
insight from EVE' is that no automaton can credibly compute the aesthetics that humans will experience,
unless the machine can at least approximately model the perceptual processes and semantic structures of
human audiences.
Modeling of these perceptual processes and semantic structures lies largely beyond the current state of the
art in artificial intelligence [1], and this limits what can feasibly be accomplished in the field of
computational aesthetics. For it is not enough to quantify mathematical properties of artworks themselves,
without modeling the psychological processes by which aesthetics arise in an audience experiencing
those artworks. That is why the present study was limited to a narrow domain in which it was feasible to
model what human beings would find surprising [14] and meaningful [13].
Although limited to a narrow domain of abstract designs, the present study does offer general insights into
how aesthetics are evaluated by a human audience, as well as practical insights into how artworks might
be generated by an automaton working in the domain. In particular, empirical results (shown in Figure 7)
for Figures 1 and 4 suggest that designs in this genre are most aesthetic when constrained to a 3x3 or 4x4
grid of white shapes bounded by black lines. Additional results (shown in Figure 7) for Figures 2 and 3
suggest that most humans prefer the 4x4 designs of Figure 2c and Figure 3d. Referring to the captions of
Figure 2c and Figure 3d, this implies an optimal range of 4.3 ≤ VE ≤ 4.6 for 4x4 designs. These results can
be used in an algorithm to generate designs that human viewers will likely find most aesthetic, as follows:
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1. Define the number of white shapes bounded by black lines to be drawn in a grid as 4x4 = 16.
2. Select the positions of black lines at random, subject to a requirement that no parallel lines can be
closer than 5% of the panel length or width. This constraint is imposed for consistency with the
experimental stimuli from which empirical results (used in step 4 below) were obtained.
3. Compute the visual entropy VE of the resulting design.
4. Accept the design as a candidate artwork only if VE is in the range 4.3 ≤ VE ≤ 4.6.
This algorithm was used to generate a number of designs that are nearly optimal based on the theoretical
model and empirical data. From a set of such candidates, I selected three designs for a triptych to be
constructed in wood and exhibited as a wall sculpture. A photograph of the resulting artwork appears in
Figure 9.
In composing this triptych from the computer-generated designs, I made slight modifications to two
horizontal lines in the middle panel. These lines were nearly at the same vertical positions as horizontal
lines in the left and right panels. The adjustment was to make the alignments exact. The visual entropy of
the middle panel changed only slightly, from VE = 4.37 to VE = 4.42, hence remained in the range of
aesthetic optimality. But continuity along these two horizontal lines adds some unity amidst the variety of
three different panels, hence the change is theorized to improve the overall aesthetic of the triptych.
The three panels were also given metaphorical titles [40] and numerical subtitles, which are meaningful to
the artist (if not the audience). This is similar to the titles and subtitles New York City I, II, and III given to
Mondrian's series of colored-line compositions. In the case of Figure 9, the titles are cities in which the
artist has lived, and geographic features of those cities are suggested to the artist (if not the audience) by
geometric features of the panels.
I also constructed two additional wall sculptures from computer-generated designs. But unlike the natural
wood finish of the triptych, all inward-facing surfaces of these sculptures were painted either red, yellow,
or blue. This introduces a faint colored glow to each bounded area when the artwork is hung on a white
wall, as seen in the photographs of Figure 10. The painted edges also appear as bold colored lines when
the artwork is seen from an oblique view, as in the photograph of Figure 11.
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Figure 9. Triptych constructed from designs generated by a computer program. Each panel measures
31"x31"). Panels are titled, from left to right: Cleveland (VE = 4.6); Worcester (VE = 4.4); Cambridge (VE
= 4.5).

Figure 10. Artworks constructed from designs generated by a computer program. Each panel measures
36"x36". Panels are titled, from left to right: Amsterdam (VE = 4.5); Budapest (VE = 4.5).
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Figure 11. Oblique view, Budapest (VE = 4.5).
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Appendix A.
As noted in Section 1.1, Birkhoff [5] offered "A Mathematical Argument" as a basis for his aesthetic
measure M = O / C. This appendix examines the argument and identifies three important errors.
Birkhoff's argument applies to a "class of objects" [5, pg. 11] for which aesthetics can be "readily
compared and arranged in order of preference". His argument assumes the aesthetic measure M is a
function of order O and complexity C, and he uses a hypothetical experiment to establish the function by
which M can be computed from O and C. Birkhoff's hypothetical experiment involves only a few steps [5,
pp. 12-13], which are numbered and quoted here to expose the logic as follows:
1. "Suppose that we have before us a certain set of k objects of the class, all having the same
order O and the same complexity C, and also a second set of k' objects of the class, all having the
order O' and complexity C'. Let us choose k and k' so that k'C' equals kC."
2. "Now proceed as follows. Let all of the first set of objects be observed, one after the other; the
total effort will be measured by kC of course, and the total tone of aesthetic feeling by kO.
Similarly let all of the second set be observed. The effort will be the same as before, since k'C'
equals kC; and the total tone of feeling will be measured by k'O'."
3. "If the aesthetic measure of the individual objects of the second class is the same as of the first,
it would appear inevitable that the total tone of feeling must be the same in both cases, so that
k'O' equals kO. With this granted, we conclude at once that the ratios O' / C' and O / C are the
same."
4. "In consequence the aesthetic measure only depends upon the ratio O to C: M = f(O / C). The
final step can now be taken. Since it is not the actual numerical magnitude of f that is important
but only the relative magnitude when we order according to aesthetic measure, and since M must
increase with O / C, we can properly define M as equal to the ratio of O to C."
This argument contains three critical errors, as follows:
First, at step 2 Birkhoff assumes that the total "total tone of aesthetic feeling" is given by kO, yet in step 1
he defined O as order. The premise of the argument assumes M measures aesthetics, so the total tone of
aesthetic feeling for each set of objects should be kM and k'M', not kO and k'O'.
Second, at step 3 Birkhoff equates k'O' and kO. But this holds true only if O denotes the "tone of
[aesthetic] feeling" (which it does not), and "if the aesthetic measure" is the same (which it is not). In
particular, there is no reason to assume k'O' = kO at step 3 after having assumed k'C' = kC at step 1,
because O and C are independent variables in the proposed function M = f(O, C). There is also no reason
to assume "the aesthetic measure of the individual objects of the second class is the same as of the first",
because M is an unknown function of the independent variables O and C.
Finally, even if we ignore the preceding errors, the equations k'C' = kC and k'O' = kO together imply two
ratio equivalences, namely C' / O' = C / O as well as O' / C' = O / C. More importantly, there is no reason
to conclude M = C / O or M = O / C, because the derivation only implies there are two ratio equivalences
– not that either one represents a measure of aesthetics.
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